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1 Introduction 

Let M be a smooth closed m-dimensional manifold embedded in Euclidean 
space M". An ordered set (xi,... ,Xp) E M x ... x M is called a periodic 
(closed) billiard trajectory if the condition 


^i+1 
Xi Xi-\.\ 


+ 


Xi 


Xi 


Xi-l 


Xi-l\\ 


±T^.M 


holds for each i E T^p. 

In this paper we hnd lower bounds for the number of closed billiard tra¬ 
jectories of periods 2 and 3 in an arbitrary manifold. 

Let us introduce some notations: 

= M X ...X M 

is pth Cartesian power of the space M, 

= fj {(xi,..., Xp) : Xi = Xi+i = ... = Xi+p_fc_i} C M^P 

is the fcth diagonal of M^p. Clearly, we have 

{(x, X,..., x)} = C A*^^^ C ... C A^P~^^ C = M'^P. 
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By A we denote ~ Xi+i} C Let 

l = Y^ \\xi-Xi+i\\ : 

i^'^p 

be the length function of a closed polygon. The function I is smooth outside 
of the diagonal A. The symmetric group Sp acts on by permutations 
of factors, and so does the dihedral group Dp C Sp. Let 

DP{M) = M^P/Dp, A(^) = A^^V^P C DP{M), I = l/Dp : DP{M) M. 

By RDP{M) we denote the reduced dihedric power of M, that is Dp{M) with 
the diagonal A = contracted to a point. 

It is well known that p-periodical billiard trajectories are the critical 
points of the function / outside of A. Thus our problem is to estimate the 
minimal number BTp{M) of critical points of the function I for all generic 
embeddings of the manifold M in Euclidean space. Here we say that an em¬ 
bedding M —> M"" is generic if the function I has only non-degenerate critical 
points outside of A. 

Recall the following facts: 

Theorem (see w Let p be a prime integer. Then 

BTp{M) > ^dimi/,(M^7Dp,A;Z2). 


Theorem (M. Barber, S. Tabachnikov, a ui) Let p be an odd prime. 
Then 

'^dimHq{RDP{S^)-Z 2 ) =m{p-l). 


In this paper we estimate the number of closed billiard trajectories of 
period 2 and 3 for an arbitrary manifold. The estimate for period 2 was 
proved by P. Pushkar in [Q, we give a new proof. 


Theorem Let M be a smooth closed m-dimensional manifold. By B denote 
the sum of Betti numbers dim iLg(M; Z 2 ). Then we have the following 
estimates for the number of periodical billiard trajectories: 


BT^iM) > 


B‘^ + (m — 1)B 


BTs{M) > 


B^ + 3(m — 1)B‘^ -|- 2B 
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2 A. Dold’s theory of homology of symmetric 
products 

In this section we consider Z 2 -niodules. 

Definition An FD-module it' is a sequence of modules Kg, q = 0,1,... and 
module morphisms dg : Kg ^ s* : iCg —> Kg+i, i = 0,1,.... The 

morphisms dg are called face operators, s* are called degeneracy operators. 
The face- and degeneracy- operators satisfy the following axioms: 

• 5* = 0, s* = 0 if i > g 

• = d’glldi iii<j 

• = s\~_\d\ ili<] 

• = d\X\s\ = idili<q 

• di^^s{ = ili> i + l 

Definition Given an FD-module K, put 

i?(K), = flker(af :iF,^iF,_i), g = 0,1,... 

i<q 

Clearly, d^{R{K)g) C R{K)q_i and |i?(K )5 = 0. So i? is a functor from 

FD-modules to chain modules. Homology groups are 

H, (K) = H, {R{K)) = keraj/imSJi;. 

Another way to define homology groups is as follows. The boundary oper¬ 
ator is dg = dg—dg-\-dg — .. the gth homology group is Hg = ker dg/ im dq+i. 
Denote this functor by R'. 

Proposition (A. Dold, 

1. There exists a functor R~^ from chain modules to FD-modules such 
that RR~^ and R~^R are naturally equivalent to the respective identity 
functors. 
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2. Let K be an FD-module. Chain modules R{K) and R'{K) are ho- 
motopieally equivalent and therefore they have isomorphic homology 
groups. 

3. The functor R moves homotopically equivalent FD-modules (to be de¬ 
fined later) to homotopically equivalent chain modules. 

A morphism of FD-modules (or FD-morphism) i : K ^ K' is a set of 
linear mappings iq ■. Kq ^ K( such that iq-id^ = d^iq and = sHq. A 

morphism of FD-modules induces a homomorphism of homology groups A- 

Example Let Aq be the standard g-dimensional simplex: 

= |(a^o, • • • ,2:5) e = l| • 

Introduce the mappings 

Cq-. Aq^ Ag+I, ...,Xq) = (Xq, • • • , Xi_l, 0, , Xq), 

iq(\ Aq^ Aq_l, r]\{XQ, ...,Xq) = (Xq, • • • , Xi-l -F Xi, Xi+l, ...,Xq). 

Suppose A is a topological space, Kq is the group of its singular g-chains. The 
elements of Kq are hnite sums '^Okfk, where fk '■ Aq ^ X are continuous 
maps. Now introduce face- and degeneracy-operators: 

dl{f) = foel_„ 

<(/) =f°vl+i- 

We have constructed an FD-module K{X) of a topological space X. 

Let xo be a distinguished point of the space X. All simplices {/ : A^ — 
xo} form an FD-submodule pt{X) C K{X). The quotient K{X)/pt{X) is 
called the reduced FD-module of a topological space X, its homology H^{X) 
is the reduced homology of A. It is well known that Hq{X) = FIq{X) if 

g > 0, dimiLo(-^) = dim.^o(-^) + 1- 

The continuous map f : X induces an FD-morphism : K{X) 
K(Y). The map / : (A, xq) —> (Y,yo) of pointed spaces induces a morphism 
of reduced FD-modules. 

Now we dehne a direct product of FD-modules. 
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Definition Let K' and K" be FD-modules. Put 


{K' X K"), = K®K 


di(a' ® a") = dUa' ) 0 dUa''), sUa' ® a'') = 4(a') ® 4(a''). 


Let X' and X” be topological spaces. Clearly, K{X' x X") = K[X') x 
K{X"). Indeed, let a : X' x X" ^ X' and (3 : X' x X" ^ X" be the 
projections of the Cartesian product onto each factor. Then x (3^ : 
K(X' X X") —^ K (X') X K{X") is an isomorphism of FD-modules. 


Now dehne an FD-module homotopy. First we construct an FD-module 
K{n) that is usually called an FD-module of a standard n-simplex. The 
group K{n)q is free generated by all sets of integers {wo,wi,... ,Wq) such 
that 0 < Wo < ■ ■ ■ < Wq < n. Face- and degeneracy- operators are given by 
the formulas 


a* (Wo, ...,Wq) = {Wo, . . . , ...,Wq), 

S* (Wo, ...,Wq) = {Wo, ...,Wi,Wi,...,Wq). 

Let Cj = {i) G K{n)i be an ith vertex. 

Definition Suppose K' and K" are FD-modules, : K' ^ K" are 

FD-morphisms. yin FD-homotopy is an FD-morphism 0 : iF(l) x iC' —^ K" 
such that 

0 (8) Oq) = F\aq), Oq G X', i = 0,1. 

If there exists such homotopy 0, then FD-morphisms F^ and F^ are called 
homotopic, F^ ~ F^. If there exist FD-morphisms F~^ : K' K" and 
F~ : K" —> K' such that F^F~ ~ Id and F~F^ ~ Id, then FD-modules K' 
and K" are called homotopically equivalent. 

A. Dold has proved the following fact in |^: 

Theorem Two FD-modules are homotopically equivalent if and only if they 
have isomorphic homology groups. 

Let T be a functor on the category of FD-modules. 

Definition The functor T preserves homotopy if T(F°) ~ T{F^) for each 
pair F^, F^ of homotopic FD-morphisms. 
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Theorem (A. Bold, j^) Suppose the functor T preserves homotopy. Then 
H,{K') = H,{K'') ^ H,{T{K')) = H,{T{K")), 
for each pair of FD-modules K', K". 

Let t be a functor on the category of Z 2 -modules. Suppose K is an 
FD-module. Put 


r(A'), = = -D‘ = «(4). 

Thus T{K) is an FD-module with face-operators and degeneracy-operators 
D*. We say that the functor T is a prolongation of the functor t. 

The pth direct product of an FD-module iP is a simplest example of 
a prolongation. 

Theorem (A. Bold, Suppose the functor T is a prolongation of the 
functor t. Then T preserves homotopy. 

Now we can prove the following statement: 

Lemma 2.1 Let Mi and M 2 he polytopes. Then = H^{M 2 ]Tj 2 ) 

implies 


iL*(Mi X Ml X M1/D3, Z2) = iL*(M2 x M2 x M2/D3, ^2)- 

As above, the dihedral group Bi acts on M^^ by permutations of factors, 

AM = {{x,x,y)}cM^yB,. 

Proof. Suppose M is a triangulated subset of Euclidean space, Xq E M 
is a distinguished point. Thus (xq, a;o, a:o) is a distinguished point in the 
Cartesian cube M^^. Let X = RB^{M) be the reduced dihedric cube of M. 
Let us introduce the following notations: 

K = K{M X M X M)/pt{M x M x M) = {K{M)/pt{M)Y ^, 

K' = K{X)/pt{X). 

The projection p : M^^ —> X induces an FD-morphism p,f^ : K ^ K'. 
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By Ksym denote the FD-submodule of K generated by all chains of the 
form Cl ® C 2 ® C 3 + C 2 ® C 3 ® Ci, Ci ® C 2 ® C 3 + C 2 ® Ci ® C 3 , and Ci ® Ci ® C 3 . 
Let u : Ksym —> iL be the inclusion, ip : K ^ K/Kgym be the quotient 
FD-morphism. 

It follows from A. Dold’s theorem that the homology H^{K/Ksym) can 
be computed if we know only the homology Let us prove that 

H^{K/Ksym) — H^{K'), this will complete the proof of the lemma. 

First we show that a = p# o ip~^ is an FD-morphism. We need to check 
that u{Ksym) C kerp#. 

Let c = f ® g ® h, c' = g ® h® f he two elements of Kq. Here f,g,h : 
Aq ^ M are continuous maps of the standard g-simplex to the space M. 
Evidently, p#(c) = p^{c'), hence c -|- c' G kerp^^. Now suppose c = /j) 0 

(Efi'i) ® c' = (Efi'j) ® (E^fc) ® iY.fi): where fi,gj,hk : Aq^ M. 

Then c = Yij,k fi ® 9j ® and c' = Yi,j,k 9j ®hk®fi. We see again that 
p#(c -f d) = 0. Similarly, Ci 0 C 2 0 C 3 -f- C 2 ® Ci 0 C 3 G kerp#. 

Suppose c = f ® f ® g. Then p#(c) maps the simplex Aq to the distin¬ 
guished point, hence p#(c) = 0 G K'. Now suppose c = /*) ® fi) ® 

(Efi'i) = Yi,j fi® fi® 9j- We see that p#(c) = 0. 

Let us show that the FD-morphism a induces an isomorphism of homol¬ 
ogy groups. We will construct a triangulation r of the space The idea 

is as follows. This triangulation will be coherent with the hltration 

{(x, x,x)} = C {(x, X, y),ix,y,x),{y,x,x)} = D C M x M x M 

and invariant under the action of the dihedric group D^. Since r is invariant 
up to the action of D 3 , r induces a triangulation r /of the space D^(M) = 
Since the diagonal D is triangulated, r/induces a cell decomposition 
p(r) of the space D^{M)/D^. All affine maps / : such that / 

moves vertices of Aq to vertices of a simplex 5 G r generate an FD-submodule 
S C K. The image p#{S) = S' C K' is an FD-submodule of K'. By Ssym 
we denote the intersection Ksym Fl S. There are inclusions i : Ssym Ksym 
and j : S ^ K, hence there is an inclusion k : S/Ssym K/Ksym- We show 

all this FD-modules and morphisms on the following commutative diagram 
(its columns are exact): 
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0 


0 


s' 


^^sym ^ 


s. 


sym 


I 


u 



s 


s/s, 


sym 


0 0 

In is well know that the inclusions j and I induce isomorphisms of homol¬ 
ogy groups. It is easy to see that f* is an isomorphism too. Indeed, suppose 
we have a singular cycle ( G keidq C (Ksym)q- Its 0-skeleton consists of the 
points on the diagonal and pairs of symmetric points. Thus we can construct 
a homotopy Ft of its 0-skeleton such that the image of Ft belongs to Kgym 
for each t, and the image of Fi belongs to Sgym- Then we can extend Ft to 
1-skeleton, and so on. Now two short exact sequences of FD-modules give 
us two long sequences of homology groups. By the well known 5-lemma, it 
follows that is an isomorphism. 

Now we compute kerp^^. Suppose c E K, p^{c) = 0. Clearly, 

® ® hm + ® /L ® fL) + 

m n 


where Fn : Aq ^ D are simplices in the diagonal, p#{fim ® / 2 m ® fsm) = 
P#{f[m ® fL ® fD- II means that 


flm: f2m-i fsm-i fIm'! f2m'! f3m ' ^ 


M 


and for each point P E Aq there exists a permutation a E S 3 such that 
ifLiP)!fLiP)!fLiP)) = {fail)m{p)Jai 2 )m{p)Jai 3 )m{p))- NotC that this 
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permutation is the same for all p E Agif the image (/im®/ 2 m®/ 3 m)(^g) 
not intersect the diagonal. In this case /i^ ® / 2 m ® fsm + f[m ® / 2 m ® fsm ^ 
ker (p. 

Similarly, for each we have = gin ® g 2 n ® gsn), where 

9lni 92m 93n ■ Aq >■ M 

and for each P E Aq there exists a pair of indices i, j such that 9in{P) = 
gjn{P)- If the image Fn{Aq) does not intersect the small diagonal D^, then 
this pair is the same for all p E Aq. As before, Fn E \ieiip. 

Now we see that all elements of ker a have either simplices whose im¬ 
ages intersect the diagonal or simplices whose images lie in the diagonal 
and intersect the small diagonal. Clearly, it follows that ker a fl im /c = 0. 
Evidently, ima o A; = im/. We obtain that a o k : S/Sgym K^') is an 
FD-isomorphism. We see that /*, /c*, o (a o A;)^ are isomorphisms. Conse¬ 
quently, a* = /* o o (a o A;)* o is an isomorphism. 

Now let us construct a triangulation of the space Suppose the 

simplices L® form a triangulation of the space M (here q is the dimension, 
i is an index). Then the Cartesian cube M x M x M is divided into sets 
LqX LqX Lq, Lq X Lq X Lr, and LpX LqX Lr (here p, q, r are all distinct). 

First consider Lp x Lq x Lr. By Tpqr denote any triangulation for Lp x 
Lq X Lr, p < q < r. Any triple p, g, r is a permutation of p' < q' < r', so a 
triangulation for Lp x Lq x Lr is obtained by the action of from Tp/q/r'- 

Now consider LqX LqX Lq. There is a hltration 

{(x, x,x)} = E {(x, X, y), {x, y, x), {y, x, x)} = D C Lq x Lq x Lq. 

We triangulate Lq x Lq x Lq according to this hltration and action of the 
group D2,. Suppose [x, y, z) E AqX AqX Aq. Let the faces of the simplex Aq 
have indices 0,1,..., g. By A“ denote the distance from x to ath face, by 
denote the distance from y to &th face, by denote the distance from 2 : to 
cth face, 1 < a,b,c < q. 

Suppose 0 < A; < 2g. Let ki, k 2 , ks be non-negative integers such that 
ki + k 2 + ks = k. Suppose a = (oi,..., Ofei+fej), b = ( 61 ,..., bk^+ks), c = 
(ci,..., Ck 2 -\-ks^^ where 1 ^ Oji, • • •, bi,..., bki-\-k;i, Ci,..., Ck 2 +kz — 9' 

F-g- denote the polyhedron given by equations 


9 



Let Qk be the union of all such polyhedra of codimension k: 

Qk = ^d$,c 

a.b.c: codim r ^=k 

' a,o,c 

Then the hltration Q2q C Q2q-i C ... C Qo satishes the following conditions: 

• = Q2q. 

• D CQq 

• Ag X Ag X Ag Qq 

• The hltration is invariant under the action of D^. 

• The set Qk+i divides the set Qk into pieces. The group D^, either 
transposes a whole piece or does not move each point of a piece. 

Now Q2q is triangulated. According to the last condition the triangu¬ 
lation can be extended from the union of polyhedrons Qk to the union of 
polyhedrons Qk+i- 

Now consider Lq x Lq x L^. We must construct a triangulation that is 
invariant up to T)2-action by permuting two Lq in the Cartesian product and 
coherent with the hltration 

{{x,x,y)} C LqX LqX Lr. 

First we construct a triangulation for Lq x Lq such that it is coherent with 
the hltration 

{(a;,a;)} C Lq x Lq 

and invariant under the action of the group D2. We can do it in similar way 
as for LqX LqX Lq. By skj{Lr) we denote a union of all j-faces of the simplex 
Lr- Now we see that for Lq x Lq x sko(Tr) the triangulation is constructed. 
Evidently, we can extend this triangulation from Lq x Lq x skj{Lr) to Lq x 
Lq X skg_|_]^ (Tj.). 

This completes the proof. □ 

Remark In the same way, if H^{Xi,'L2) = Tr*(X2;Z2), then 

H, (Xi X X1/Z2, {{x, x)} ; Z2) = R* (X2 X X2/Z2, {{x, x)} ; Z2). 
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3 Proof of P. Pushkar’s theorem 

Let M be an m-dimensional smooth closed manifold embedded in Euclidean 
space M"", kq = dimHq{M] Z 2 ). We need to calculate the sum 

^dimhf,(M^VZ2,A;Z2). 

From the results of the previous section, it follows that this sum equals 

^dimiL,(X^VZ2,A;Z2), 

where X is a bouquet of spheres 

X = V... V V... V V... V 5^^. 

First let us prove the following 
Lemma 3.1 


dim Hq{S^ X S^/Z2, A; Z 2 ) = m + 1, 

H,{S^ X S^/Z2, A; Z 2 ) = {0,..., 0, Z 2 ,..., Z 2 }. 

Proof. We construct a cell decomposition of the reduced Cartesian square 
S'™ X S'™/A. (Let us recall that A = {(x,x)}). We consider S'™ as m- 
dimensional cube [0,1]^™ with the boundary contracted to a point. So 
S'™ X S'™ is a Cartesian product of two such cubes. Let (pi,, ipm be the 
coordinates on the hrst cube, 'ipi,... ,tlJm be the coordinates on the second 
cube. 

The cells are 

4 = {v?! * . . . , 

where * is one of the signs >, <, =. Of course, not all of * are =, since we 
have contracted the diagonal A. The codimension of a cell is ij^{=). There 
are two m-dimensional cells: 

ef = {9^1 = 0,..., = 0}, 

= {^1 = = 0}- 

Evidently, they do not belong to the boundaries of (m + l)-dimensional cells. 
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This decomposition is invariant under the Zi)2-action, hence it induces a 
cell decomposition of the reduced dihedric square RD‘^{S^). Evidently, the 
chain complex for RD‘^{S^) is a direct sum of two subcomplexes. One of them 
is generated by all ..., let us denote it by b{RD‘^{S^)), 

and another consists of one element = {ipi = 0 ,..., ipm = 0}, denote it 
by s{RD^{S^)). 

Obviously, x S'™’/Z2, A) = Z2: there is only one cell of dimension 

m, its boundary is 0. 

Consider the Smith exact sequence of the Cartesian square S'™ x S'™ and 
the group Z2 acting on it (see [§]): 


... —^ i/g(S™ X S™/Z2, A) © Hg{S^) —. Hg{S^ X ^™) —. 

Hg{S^ X S™/Z2, A) i/,_i(^™ X 5 ™/Z 2 , A) © Hg_,{S^) ^ ... 

Since Hq{S"^ x S'™) = Hq{S^) = 0 if g 7^ 0 , m, 2 m, we have 

0 —^ Hq{S^ X 5 ™/Z 2 , A) —^ Hq_i{S^ X ^™/Z2, A) —^ 0 , 
where g = m + 2,..., 2m — 1. 

Thus we see that x ^™/Z2, A) = ... = if2m-i(S™ x ^™/Z2, A). 

Consider the end of the Smith sequence: 

0 ^ Hm+i{S^ X S™/Z2, A) i 7 ^(^™ X ^™/Z2, A) © Z2 ^ 

Z2 © Z2 ^ X ^™/Z2, A) ^ 0 . 

Since ^^^(S'™ x S'™/Z2, A) = Z2, we see that Trm+i(S'™ x S'™/Z2, A) = Z2. 
Thus we have 

/f^(S™ X ^™/Z2, A) = . . . = H 2 m-l{S^ X S™/Z2, A) = Z2. 

Now consider the beginning of the Smith sequence: 

0 X 5™/Z2, A) Z2 H2m{S^ X 5™/Z2, A) 

if2r„_l(^™xS™/Z2,A)-^0. 

We already know that iJ2m-i(S™ x S™/Z2, A) = Z2. Computing the Euler 
characteristic we obtain that if2m(S'™ x S™/Z2,A) = Z2. This completes 
the proof. □ 
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Now let us prove P. Pushkar’s estimate. 


Lemma 3.2 Let M be an m-dimensional manifold, ki = dim Z2), 

i = 0,1,...,m, B = Yfiki. Then 

mB 

i=l 

Proof. Using Poincare duality, we have 

m m ^ m, ^ m j 

'^iki = '^iki = {iki + {m-i) k^-i) = + (m - i) ki) = — 

i=l 2=0 2 = 0 2 = 0 

□ 


y^)iki 


Theorem Let B = '^ dim Hq{M;'Ij2). Then 


BT 2 {M) > 


B"^ + [m 
2 



Proof. Let us recall that X is a bouquet of spheres such that iL*(X; Z2) = 
Z2). Taking into account all arguments above, we see that it is enough 
to prove that 

We construct a cell decomposition of the space RD‘^{X). This space is 
the union of its subsets: 


RD^X)= U U BJU U Cf/, 

l<p<Tn l<p<m l<p<g<m 


where 


• is the set of points {x,x') G RD‘^{X) such that x,x' G Sf. Thus Af 
is homeomorphic to RD^{S^). 

• Bfj is the set of points {xi,X2) G RD‘^{X) such that Xi G Sf, X2 G Sf. 
Thus Bfj is homeomorphic to S^ x S^. 
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• is the set of points {x,y) G RD‘^{X) such that x E Sf, y E Sj. 
Thus Cfj is homeomorphic to x 

For each we have constructed a cell decomposition earlier. For each 
Bf^, Cfj we have a standard decomposition; 

SP = e°U eP, 5 “? = e° U x = e° x e° U e° x e'? U x e° U x e" 

with all boundaries equal to 0 . By s^Bfj) we denote a chain complex gener¬ 
ated by one cell x e^, by 3 ( 0 ^) we denote a chain complex generated by 
one cell x 

Notice that these decompositions coincide on intersections of the sets Af, 

Cf^. 

Now we see that a chain complex for RD^{X) is a direct sum of its 
sub complexes: 

0 ® K^f)) © m,) 0 Hcff) 

l<p<m l<p<m l<p<q'<m 

l<i<fcp 1 fcp) 

Now we compute contributions to the sum of Betti numbers (*) for each 
of these direct summands. 

• b{AP) © s{AP): The sum of Betti numbers of each Af is p + 1 . So we 

have a contribution + ^)ki- 

Let us transform this expression using the previous lemma. 

p=i 

• s{Bfj): Each of s{Bfj) gives us 1 to the sum of Betti numbers (*), so 
totally we have 

^ m 

- kp{kp — 1 ). 

P=1 
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Thus we have 


j~^ ^ /1 lit 

^dimi/q(X''V^2, A;Z2) = B -I + ^ + - '^kp{kp - 1 ) + ^kpkq = 

p=l p<q 

{B — 1 )^ + (m + 1)5 — 1 5 ^ + (m — 1)5 


This completes the proof. □ 


5 - 1 - 


mB 1 




^ m 


4 Estimate for the number of 3-periodical 
trajectories 


As above, a smooth closed manifold M is embedded in Euclidean space M”. 
Let kq = dim 5 q(M; Z2). We need to compute the sum 


5^dim5,(MxV^3,A;Z2). 

It equals to 

5^dim5,(553(X);Z2) , 
where X is a bouquet of spheres: 

X = s^y V... V V... V si V... V 
We know that (see [§] , @] ) 

^ dim Hq [RD^iS^y, Z2) = 2 m. 


First let us prove the following 


Lemma 4.1 Let M be m-dimensional manifold, ki = dim 5 j(M; Z2), i = 
0 , 1 ,...,m, B = '^ki. Then 


ik^ -f ikikj 

l<i<m 


m 5 ^ — mB 
2 
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Proof. Taking into account Poincare duality ki = km-h we have 


ik} + ikikj = 

l< 2 <m 

= i/cj/cj — i/cj/cj = 

0<2<m 

= i/cj/cj — iki = 

0<2<m 

= - ^ {i + m - i)kikj - - {i + m - i)ki = 

0 <i<m 

mi?^ — mi? 

“ 2 ■ 


Theorem Suppose B = we have an estimate for the number 

of 3 -periodieal trajeetories in M 


BTs{M) > 


B^ + 3 (m — l)i?^ + 2 B 
6 


Proof. Let us construct a cell decomposition of the reduced dihedric cube 
of X. The space RD^{X) is a union of its subsets: 


RD%X)^ U "‘'‘J U U 

l<p<m l<p<m l<p<m 

l<f<fcp l<i<.j<.k<kp 


U DS'U U £)«u 

l<P 7 ^g<m 

l<i<fcp, 1<_7 < fcg l<i<j </cp , 1< fc< fcg 


U ^S” 

l<p< q'<r<m 

l<i<fcp ,1 < kq ,l<k<kr 


Here 


• is the set of points (x,x',x") G RD^{X) such that x,x',x" G Sf. 
Thus it is homeomorphic to 


RD^S^). 
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• is the set of points {xi,x\,X 2 ) G RD^{X) such that xi,x\ G S'f, 
X 2 E Sj. Thus it is homeomorphic to 

RD\SP) X SP/{{x,0,0)}, 
where O is the distinguished point of the bouquet X. 

• Cfji^ is the set of points {xi,X 2 ,X 3 ) G RD^{X) such that xi G Sf, 
X 2 E Sj, X 3 E Si- Thus it is homeomorphic to 

SPx SPx SP/Asv. 

• DfJ is the set of points {x, x', y) E RD^{X) such that x, x' E Sf,y E Sj. 
Thus it is homeomorphic to 

RD^S^) X Sy{{x,0,0)}. 

• is the set of points {xi,X 2 ,y) E RD^{X) such that Xi E Sf, X 2 E 
Sf, y E Sf. Thus it is homeomorphic to 

X X Sy {(xi, 0,0)}, {(0, 0 : 2 ,0)} , {(0, 0,y)}. 

• is the set of points {x,y,z) E RD^{X) such that x E Sf, y E Sf, 
z E Sf. Thus it is homeomorphic to 

X X sy {(x, 0,0)}, {(O, y,0)}, {(O, O,;.)} . 

Let us construct a cell decomposition for each Af = RD^{Sy like we have 
done it for RD‘^{Sy. We consider a p-sphere as a p-dimensional cube [0,1]^^ 
with the boundary contracted to a point. Let (pj, (pf, be the coordinates 
on three such cubes. There are the following cells. First 

ut = [yf * * <™}, 

where * is one of the signs < or =, (ia,ja,ka) is a permutation of 1, 2, 3. 
Secondly 

Vp = = 0 }> 

where * is one of the signs <, >, =. Clearly, the cells of the kind U do not 
belong to the boundaries of the cells of the kind V. Similarly, the cells of 
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the kind V do not belong to the boundaries of the cells of the kind U. It is 
evident for p > 1. For p = 1 all boundary operators here vanish. 

We see that a chain complex for Af is a direct sum of two sub complexes 
u(Af) and v(Af). 

Now we construct a cell decomposition for B[j and VfJ. Here we have 
the same cells “of the kind V”: 

Vp = • • • , ^ = 0 }, 

where (p^ and (p^ are the coordinates on ith p-sphere, ip are the coordinates 
on jth p- or g-sphere. Besides, there are the cells 

Wp = 0 < < 1 }, 

W} = < ipi < 1}. 

As above, the cells of each of these three kinds form a chain subcomplex. 
Thus a chain complex for Hh is a direct sum © w{Bfj) © w{Bfj) and 

so is one for Dfp. 

Notice that 

vm=v{D^^)=v{Al), 

^{Bl)=w{Bl), w{D^])=w{Df). 

Clearly, each w(...) consists of only one cell with boundary equal to 0. 

Finally, and Fp^P are Cartesian products of spheres, so here we 

have a standard cell decomposition: 

SP = e^UeP, S^ = e^UeP A" = e°Ue", 

X X A’’ = O U e° X X e" U X e° X e’’ U X e'? X e° U X e« X eC 

We see that e° x e'^ x e^, x e° x e’’, and x x e° are cells “of the kind 
W”. The cell X X with vanishing boundary forms a chain subcomplex. 
We denote this subcomplex by s(Ch^), s{EfpjP), or s{F[j[). 

Now we see that the chain complex for RD^{X) is a direct sum of sub¬ 
complexes: 

0 {u(Af)(Bv(Af)) 0 u>(Bp 0 w{B;,) 0 

l<p<m l<p<m l<p<m l<p<m 
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0 wiD-S) 0 w{D«) 

I'^p^q'^Tn l<p<iq<m 

l^i^kp ,l<j ^kq 

0 KEf^t) 0 

l<P 7 ^g<m l<p<q'<r<m 

1 <i<_j' < kp , l<fc</cg ^^i^kp ,l<j < kq ,1-^k-^kr 

Now let us consider all these subcomplexes and compute their contribu¬ 
tions to the sum of Betti numbers ^ dimingZ2). 


• u(ylf) ©u(Af): 2Y!^^-^pkp = mB . 
Here we have 


mB. 


• w{Bfj): Y^^=iPkp{kp — 1 ). Indeed, for each p we have kp{kp — 1 ) sets 
Hh; the cells of the kind W form the reduced dihedric square of the p- 
sphere without the unique p-dimensional cell that forms a subcomplex 
w(BE). 

• w{Bfj): I kp{kp - 1 ). Here \ appears, since w{Bfj) = w{Bjj). 

• wiDfj)-- 'Ep^qPkpkq. 

• J2T<p<q<mkpkg. 

• ^i^ijk)- Here we have subcomplexes consisting of one cell. Thus we 
have a contribution 

^ m 

-^kp{kp-l){kp-2). 

p=i 

• s{E^jiJ: Here we have 


III 

— ^ ^ kp{kp — l)kq. 

p¥^q 
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• Here we have 


m 


kpkqkr- 

p<q<r 


Taking into account two computational lemmas, we have 


mB + E pkp{kp-l) +-'^kpikp-l)+ '^pkpkq+ ^ kpkq+ 


p=i 


p=i 


p¥=q 


l<p<q<m 


^ m ^ m m 

+ — ^ ^ kp (/Cp 1)(/Cp 2) -|- — ^ ^ kp (/Cp 1) ^ ^ ~ 

p=l p^q p<q<r 

^ mB^ mB mB (B - if B-1 (B - if (B - if B-1 

2222 2 6 2 3 

= -{B^ - 3B‘^ + 3B - 1 + 3mB^ - B + 1) = 

6 

B^ + 3{m — 1)5^ — 2B 

~ 6 ■ 

This completes the proof. □ 
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